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ABSTRACT

We give an example of a nonseparable Banach space which does not contain a
subsymmetric basic sequence. The space is the dual of a space constructed
analogously to the James Tree space, using the Tsirelson space in place of /,.

The first example of an infinite dimensional Banach space not containing a
subsymmetric basic sequence was given by Tsirelson [16]. Tsirelson’s space is
separable and reflexive. Since [16] appeared, much more work has been done on
this space, its dual and a number of variations thereof (see [3] for a thorough
discussion). In particular Figiel and Johnson [5] have shown that there exists a
space with a symmetric basis not containing an isomorph of ¢, or I, (1= p <®).
Thus one immediately obtains the existence of a nonseparable space (with
symmetric basis) which does not contain ¢; or [, (1 =p <®).

In this paper we give an example of a nonseparable space, X, not containing a
subsymmetric basic sequence. X is the dual of a separable space, Ar. Ar is
defined analogously to the James Tree space [7] except that we use the unit
vector basis of Ty (modified Tsirelson space, [8]) instead of [, in defining the
norm. As we shall see, Ar does not contain /, (and so A} does not contain ¢,) and
yet all spreading models of A% are equivalent to either the summing basis or the
unit vector basis of ¢,. We shall also show that A¥* is isomorphic to A+ @ [1(A),
where A is the Cantor set and co(A) is a quotient of A%. These results have
analogues in the James Tree space [10].

The problem which we solve in this paper was first brought to our attention
several years ago by H. P. Rosenthal. Rosenthal and Shelah (unpublished)
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98 E. ODELL Isr. J. Math.

showed that there exists in some Banach space an uncountable normalized set,
(X )aer, so that every sequence of distinct x, s is weakly null and not subsymmet-
ric. In a positive direction, W. Henson has shown that this cannot happen in an
L-space [6]. Indeed, he has shown there must exist a sequence (x,, );-; which is
almost exchangeable (see [1] for a discussion of almost exchangeable sequences)
and in particular symmetric. Also, J. Ketonen [9] showed that if X is a Banach
space of the cardinality of a Ramsey cardinal, then X contains a subsymmetric
basic sequence.
We use standard Banach space terminology as may be found in [11].

1. Definition of A+

Let Ty be the modified Tsirelson space discovered by Johnson [8] and let (e,)
be its unit vector basis. (¢,) is a l-unconditional normalized basis for Ty
satisfying for all x € T, the implicit relation

® Il =sup{ I 3, 1 1}

where the “sup” is taken over all finite collections of pairwise disjoint subsets of
N, (E)i-i, with n=minE; (1=i=n). If ECN and x =2ae € Ty, Ex =
Sicrae;. (*) implies

(1) If (x:)i-: are normalized vectors in Ty whose supports relative to (e);-;
are disjoint and contained in {e,, €..,...}, then (x;)i-, is 2-equivalent to
the unit vector basis of 7.

Tw is reflexive [8]. Moreover we shall need the following fact. There exists
¢ < so that if (x;) is a normalized block basis of (e;) with x, = E:Z,LH ae;, then
for any choice of integers [, < k, = .., and scalars (b.),

D b || = ” > b.x, > b,

This was proved in [4] for the space T (the dual of the original Tsirelson example

=c

(i) cl‘

[5]) and the same argument works for Ty. In fact this was used to prove T and
T are naturally isomorphic [2].
Let A denote the infinite dyadic tree,

A={(ni)n=01,2, ,1=i=2"}.

The nth level of A is {(n,i):1=i=2"}. A is partially ordered by putting
(n,i)= (m,j) if K, D K., where (K..) are the triadic intervals used in forming



Vol. 52, 1985 NONSEPARABLE BANACH SPACE 99

the Cantor set. Thus K, =[0,1], K, =[0,5], K. =[3.1], etc. By a segment 8, in
A we mean a linearly ordered set of the form

{(n,i1),(n + 1, i:),(n + 2, i}),...},

either finite or infinite in length. In particular 8 could be a single element of A.
We shall also have use for a linear order on A. We define d(0,1)=1 and
d(ni)=2;52 +iif n = 1.If 8 is a segment with initial node (n, i), we define its
order by o(B)=d(n,i).
Let x be a real valued function defined on A with finite support. If 8 is a
segment in A, set

Se(x)= 2 x(n,i).

(ni)EB

The norm of x in A; is defined by

Jxli=sup [ 3 8 0)ew

~:(B:)i-1 are pairwise disjoint segments in A}.
We call y =27, Sg,(x)e., g, (With (8:)7 disjoint segments) a representative of x in
Tu. At is defined to be the completion under this norm.

In the James Tree space the norm is defined exactly the same, except that Ty
is replaced by [, and the e’s are the unit vector basis of .. Since this basis is
symmetric, one may use e; in place of e, in the definition.

We note that by the definition of the norm in A+ if 8 is any nonempty segment
(finite or infinite), then S, extends naturally to a norm one functional in A%. Also
if (X(ni))niyea are the unit node vectors in Ar,

XM, ) = 8 (mirimin,

then (X i))mier forms a normalized monotone basis for Ar under the ordering
induced by d(n,i). Indeed, the projections P, given by

Pd( 2 An,iX(n.i)

) = An,iX(ni)
(n)EA {(n.i):d(n,i)=d}

are norm one for all d EN.

To get a feel for the norm in Ar we give a very easy and useful lemma.
Roughly speaking, the lemma says that if x € A7 is supported on the levels of A
greater than or equal to the nth, then || x || may be calculated (up to a constant) by
using in the definition only segments which originate on the nth or greater levels.

LEMMA 1. For all n €N and x € A+ with P, ,x =0,
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47 x|l = sup{|=51 S, (x)e ol : (B:)F are disjoint segments in
A with o(B)Z=2" for 1=i=k}.
Proor. Let I =[x|| =25, Sy (x)e )1, where (8:)i are disjoint segments

in A. We may suppose there isan [, 0 = [ = k, so that for i > [, 0(8;) = 2" and for
i=Lo(B)<2" 1f

k
2 Se.(X)e€ 0w,

i=i+1

fine. If not, then

=

1
3.

i
IZ Ss.(x)e o)

M

For i =1, let B; be the largest segment contained in B; with initial node of the
form (n, ji). Since Por,x =0, S5 (x) = Sy, (x). Also, since [ =2" — 1 and 0(B:) = 2"
(1=i=1), by (i) we have

i

=27 3186 ()]

!
E ” Zl S, (X)eO(ﬁ,)

Before stating our main result, we recall the notion of a spreading model. Let
(x.) be a bounded basic sequence in a Banach space. A (necessarily subsymmet-
ric) basic sequence, (y. ), in another Banach space is said to be a spreading model
for (x,) if for all scalars (a: ),

!
|3 s5wee

TIH

=47 [ ]

2 aix. | =

nl/n\< < || =

ny—»

|5l

The Brunel-Sucheston theorem (see e.g., [12]) states that if (x.) is a bounded
basic sequence with no norm convergent subséquence, then some subsequence,
(x,), has a spreading model (y. ). Furthermore, if (x,) is weakly null, then (y.) is
an unconditional basic sequence.

In this language, Ty has the property that all of its spreading models are
equivalent to the unit vector basis of /.

2. The main theorem

THEOREM 2.
(1) The vectors (X(.iy)mnea form a boundedly complete monotone basis for Ar.
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(2) All spreading models in A are equivalent to the unit vector basis of I,.

(3) A% is nonseparable.

(4) Ay does not contain an isomorph of |, and so A% does not contain an
isomorph of co.

(5) A% is the closed linear span of {Ss:B is a segment in A}.

(6) All spreading models in A% are equivalent to either the summing basis or the
unit vector basis of co.

(7) cofA) is a quotient of A%, where A is the Cantor set.

(8) A%* is isomorphic to A+ 1(D).

Proor. (1)Forn <m,let Q,, = P:~_; — P-_,. To prove (1) it suffices to show

LeMMA 3. Let (x:)i=, be normalized vectors in Ar. Assume there exist integers
ne<n < - <nso that for 1=i=k, x, = Q_,.»%. Then if k =2", (x,)i- is
8-equivalent to the unit vector basis of I}.

Proor. By (i) it suffices to show that for 1 = i = k, there are disjoint segments
(8% in A so that each B! lies between the n;_; and n; levels of A and the
representatives y; of x; given by y; = 272 Spi(x:)e oy satisfy ||y [ = 47| x; | This
is easily done by Lemma 1. ]

We shall prove a stronger result later in Lemma 10.

(2) This is a corollary of (1) and Lemma 3. Indeed, every basic sequence
(y:))C Ar with a spreading model has a subsequence essentially (up to a
perturbation) of the form x + x; for some x € A, (x;) C Ar, where 0 <inf; || x; || =
sup; | x: || < and Q,,_,.xi = x; for some (n)CN.

(3) This is trivial. If B# y are infinite segments and (n,i)€E B\y then
[1Ss = S, 1= (S5 = $,)(x) = 1.

(4) This is a bit more complicated. Part of the proof is similar to an argument
in [13]. Suppose Ay contains [,. Then there exists a normalized sequence
(x)C A+ which is equivalent to the unit vector basis of I, and satisfies
Q,,_,.»x; = x; for some increasing sequence of integers, ().

For each element x € Ar we associate an element X € C(A) as follows. We
identify the points of A with the set of maximal segments (branches) of A in the
natural way. Thus if 8 ={(0,i,),(1,%.),...} is a branch, 8 may be regarded as the
point in A given by (1, K,, ... We set £(8)= Ss(x).

LEMMA 4. The map x — X is a norm one linear mapping of A+ into C(A).
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ProOF. For B €A, |£(B)|=|Ss(x)|=|lx|. All that needs to be checked is
that £ is continuous. But if #,— 8 in A then S, (x)— S;(x). or else we would
have a sequence of disjoint finite segments, (v, ), in A with |S, (x)|= ¢ >0 for
some £ >0 and all n €N, in which case ||x || = . [

We first show that (£;) cannot be equivalent in C(A) to the unit vector basis of
l;. For if (%;) is equivalent to the unit vector basis of /;, then by Rosenthal’s
theorem [15] we may assume (by passing to a subsequence and relabeling) that
there exist rER and 6 >0 so that if A, ={tEA:%(t)>r+ 8} and B, =
{teA: % ()<r}, then (A, B;) is Boolean independent. This means that for
k EN and all ¢ = (&), with g = =1, the set 0. is nonempty where 0. =
ﬂlesiA,- (¢Ai=Aiif e =1and €A = B; if ¢ = —1). The 0.’s thus comprise 2k
disjoint open sets in A. We may assume r + & > 0 (if not replace (x;) by (— x;)).

Choose my so large that for 1 =i = k and 1 = j = 2™, the oscillation of each of
the continuous functions %; on K, ; N A is less than §/2. It follows that for all j,
K.,; N0.# & for at most one ¢. Choose i, > k so that P,»,x;, = 0. Then for all
e =(&), 0. VA, #Q and this implies ||)E,-{,|Km" all->r+6>0 on at least 2
distinct Ko, ,’s. Thus Sg (x;,) > r + 8 for at least 2* disjoint segments, (B;)j=1, with
O(B;)=2™=2% and so by (i), || x,|= 2" '(r + 8), which is impossible for large
enough k.

Thus we may assume by Rosenthal’s theorem [15] that (x;) is pointwise
convergent in C(A). By taking differences and then far out convex combinations
we may assume that our [, basis, (x), also satisfies ||%i|.—0. But this is
impossible as the following lemma shows.

LEMMA 5. Let (x;) be a normalized block basis of (x..,) with .—0. Then
there exists a block basis of convex combinations of (x;) which is equivalent to
some subsequence (e,) of () in Ty.

x;

PrOOF. By Lemma 3 and the hypothesis there exists (y;), a block basis of
convex combinations (actually long averages) of (x;) with 1= |y, [|=8 ' for all i
and

sup{| Sz (y:)|: B is a segment} = ¢;
where g —0 as i —©. We may also assume
Qu,,_ .y = y: for some increasing sequence (m;) C N,

and if p; = d(m.;, 1), then

(iii) e <2,

=i
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We shall prove that (y;) is equivalent to (e, ). We first show that (e, ) dominates

(y1)-

Let (a.)' be scalars and suppose () are disjoint segments in A with

201%.: 2 SH:(E ai)’i)

i i
Let F={l:p.<o(B)=p}. 1=i=k Fixi and | €F,. Then

e"(ﬁ/]

Tt

SB:(E af)’:> §’aisﬁ.()’i)l+]zi !a,—l ’SB,()’/‘)’

j=1
=|a] ]S ()l +rrj1g1ixla, | 2 &j.
it
Thus by the 1-unconditionality of (e;).
k k
(iv) “ 2} aiy ' = ” Zl 1;'_ [ @S, (yo)|e awy

Since for each i =k,

+

> |

i=11EF,

max la;1 D e
j=

|5 1as.00lewn] = lalInl=al

and since p; < o(B;) = p: for I € F,, by (ii) the first term on the right side of (iv)
is

Also,

by (iii). Thus the second term in (iv) is
= max|q| D, 27 = max|q|.
1 i=1 J

This proves (¢, ) dominates (y,).
By (ii) and Lemma 1 it follows that (y;) dominates (e,,) where ¢; = d (m2i-1,1)
and hence since (e, ) is cquivalent to (e,, ) (again, by (ii)), (v;) is equivalent to (e, ).



104 E. ODELL Isr. J. Math.

ReMARK. We do not know if every infinite dimensional subspace of Ar
contains a sequence equivalent to some (e,,).

The fact that A% does not contain ¢, follows from A7 not containing [, by a
classical result of Bessaga and Pelczynski (see [11], p. 103).

(5) We first prove

LEMMA 6. Let (x:) be a normalized block basis of (x..). If Xi—0 weakly in
C(A), then xi—0 weakly in Ar.

Proor. If (x;) is not weakly null, then by passing to a subsequence we may
suppose there is an f €A%, ||fll=1 and f(x;)= 6 >0 for all i Thus [|y[|=é
whenever y is a convex combination of the x;’s. But there is a block basis, (y;), of
convex combinations of (x;), with ||y, |.—0. Thus by Lemma 5, there is a block
basis (z;) of convex combinations of (x;) which is weakly null, a contradiction. W

Let [(S3)] be the closed linear span of all S;’s where B is a segment. If
[(Ss)] # A%, there exists F# 0 in A¥* with F I[(s,,)] = 0. Since [, does not embed in
Ar, by [14] there exists (x,) C Ar which converges weak® (in A3*) to F with
I x.||= | F|l for all n. Since F s,y =0, we may suppose (x,) is a block basis of
(X(nn)- Thus since lim,%.{(8)=1im,Sy(x.) = F(S;) =0 for all segments B, by
Lemma 6, (x.) is weakly null and so F =0, a contradiction.

(6) We shall show that if (j;) C A% is a basic sequence with a spreading model,
then (f2 — fz+1) has a spreading model equivalent to the unit vector basis of c,.
(6) follows by the following lemma.

LEmMMA 7. Let (v.) be a normalized subsymmetric basic sequence so that
(Y2n — Y2n+1) is equivalent to the unit vector basis of ¢,. Then (y.) is equivalent to
either the unit vector basis of c, or to the summing basis.

REMARK. Since the spreading model of a2 weakly null sequence is uncondi-
tional, it will follow that the spreading model of every weakly null sequence in Ar
is equivalent to the unit vector basis of ¢,.

PrOOF OF LEMMA 7. Recall that the summing basis, (s,), satisfies || ass || =
sup, |27 a;|. If (y.) is weakly null, it is unconditional hence there exists K <
so that |Zfey: | = K for all &; = £1, n €N. Thus (y.) is equivalent to the unit
vector basis of cy.

If (y.) is not weakly null, then there exists f € [(y.)]* so that f(y,)= & >0 for
some subsequence (y, ). Thus by subsymmetry, (y.) dominates the summing
basis. That (y,) is dominated by (s.) follows from the fact that (y., — y2.+1) and
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(y2n-1— y2.) are both K-equivalent to the unit vector basis of ¢,, for some K.
Indeed,

2 ay: = ai(y1 — y2) Har t ax)(y: —ys) H(a + a: + a:) (ys— ys)
+(a+a+a+a)(ys—ys)+ -
and so
. |

= 2K as;

2o

Before attacking the general (f)C A%, we prove the result in a special case.
Let (x%.;) be the biorthogonal functionals to (x(.).

LeMMA 8. Let (f)i=, be a normalized block basis of (x%.:) with
fi €span{x ¥, 2" =d(n,i)<2"}

for 1=i=k and integers no<n,<--- <m. If k=2% then (f)i-, is 32-
equivalent to the unit vector basis of I%.

Proor. Let [[ZVaf|=2tafi(x) where x €Ay, |x|=2 and Py x =0.
Write x = 2., x; where x, = Q,,_,.x. Then

k

2 afi(x)= 2 afi(x:)

1

= max]a lmax 13 x|
= smax|a ]

= 16max|a:|

(by Lemma 3).
Also if x| =1 and f(x) = sign a,,

"2 af| 227" Y afi (O 14%)

=27 a,|. n

For the general case, let () be a normalized basic sequence in A% with a
spreading model. We need only show (fi —f%.) has a spreading model
equivalent to the unit vector basis of ¢, for some subsequence, (fi).
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We may thus assume lim;... f;(x..,) exists for all (n,i)EA. Also we may
assume (by (5)) that f; € span{S; : B is a segment} for all i. The following lemma
is an easy consequence of Lemma 6.

LEMMA 9. Let B be an infinite segment in A. Then (x(.»)wmiep is weak Cauchy.

Proor. If not, there exists a subsequence (y,) of (X(mi)miep, an f € A% and
an & > 0 with f(yan — yaus1)> € for all n. But (y27= yons) is weakly null in C(A)
and so (2. — ¥2.+1) is weakly null in Ay, a contradiction. |

Write fi — f- = g1 + h, where g, € span{x¥,,,:d(n,i)<2™}and h, = 2{a;S;,
where the B.’s are pairwise disjoint infinite segments originating at the m,-level
of A (i.e., 2" =o(B))<2™" for 1=i=k(1)).

Let

Anp(i()) = ("ﬂlii)]g};‘» fp (X(n‘,')).
‘o

We may assume (by passing to a subsequence) that A (ip) = lim,_. A, (iy) exists
for 1 =i, = k(1). Thus we may assume (by perturbing the f;’s, if necessary) that
for j > 2,

k(1)

fi=2 A()Sp+d,
i=1

where d; Espan{S;:8 is a segment in A, BN B, is finite for 1=i=k(1)}.
Hence, by perturbing, we may suppose fi—fi=g.+h. where
g Espan{x¥,,,:2™ = d(n,i)<2™} and h.=Z2{ a;S;:, where the B’s are dis-
joint infinite segments originating at the m.-level of A and moreover the B7’s are
disjoint from the B;’s as well!

Continue in this fashion, obtaining (after passing to subsequences and
perturbing) foi-1 = fo = g + b with g € span{x¥,,:2™ ' =d(n,i)<2™}and b, =
k9 aiSs with the B7's infinite pairwise disjoint segments originating on the
my-level of A and disjoint from the B7s for 1 =j <[ and 1 =i = k(j). Note that
lg =2 and ||h:| =4 for ali .

We claim that this sequence of differences of a subsequence of (f;), which we
have relabelled (f» — f>i+1), has a spreading model equivalent to the unit vector
basis of c,. Indeed let n €N and let (a,);%. be scalars. We shall show

:z" ai(fzi —f2i+l)

n

v)

=416max|a:|,

which will complete the proof.
To see this we write
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‘é lomax|a; || gl =32max|a|.

2n

2 ai(f:i —f3i+l)

n

\ <

Seef |

By Lemma §,

e

n

Let [|x]|=2 with Ponoix =0 and |2 ah || = 2" aihi(x). For n =i <2n, let
k() k(i) X
E={@ner@ne U U siana2m=o@i<2orgie U gl
1 p=

n=l<i p=

Define

Ezn={(q,h)EA:(q,j)E Qjﬁ; and 2"‘2"§0(q,j)}.

n={<2n

Let

2n
X=2x where x; € span{x;,:(g,j) € E:}.

Lemma 10. =

Proor. It suffices to show that each x; has a representative y; = 2;5,:(X: )€,
where the y/'s are segments contained in E; and |[y: | = (24)™'|| x: .

Each x, can be expressed as x; = 2!%) x| where q(i)=2™ and the x}s are
disjointly supported vectors, each supported in E; and “separated” from one

another by the infinite branches — the B8,’s for I <i.

SUBLEMMA. Let vy and vy, be disjoint infinite segments, ;=
{(m,jb),(m +1,j%)....} for i =1,2, with jo<ji. Let (8)i-: be disjoint infinite
segments originating at the (m + k)-level of A (k > 0) and suppose that ji. < j < ji
for all (m+kj)eUiB. Let F={m+nj)EA:0=n=k and j.<j<
U UiLiB. Let x €span{xes: (n,i)E F}. Then x has a representative, y =
S Ss.(x )eo(s), Where the 8's are disjoint segments contained within F and ||y ||=
127 x].

PROOF OF SUBLEMMA. Let z =28, (x)e.., be a representative of x with
[|z|= 47" x|, such that each segment «; originates at level m or a larger level.
We may assume for all iy &, CFUy, Uy, and S.(x)#0. Let I={i:a
originates on v}, I, ={i:qa; originates on v,} and I, ={i:a: originates on F}.
Then for some p =1,2 or 3

u 2 Seot
i€l

=37z
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If p=3,welety =%, S, (x)eoay- If p =1 (asimilar argument works for p = 2),
for i€l let 8 =a: NF, and set y =2, S5, (x)eos). Since S, (x) = S5, (x) and
0(a) < o(a;) implies 0(8,)< 0(8)),

=yl

S E HERS.

This proves the sublemma. ]

Returning to the proof of Lemma 10, by applying the sublemma to each x; we
can find a representative y; of x; determined by segments contained wholly
within E; and with

() _
Iylz2 (3 1210 = @4 sl .

Finally we complete the proof of (v):

2 2n

‘ = Zﬂ ah;(x)= 2 a:h;(x;)

2n

2 ah;

n

< max|a 5|3 x|
=4(@8)||x||max|a;| by Lemma 10,

=384 max |a |.

The proofs of (7) and (8) are similar to arguments in [10].
(7) First we prove

LeEMMA 11.  Let (B:)i-: be disjoint infinite segments in A, all originating at level
m with m = n. Then (Sg,)-1 is 2-equivalent to the unit basis of ..

PrROOF. Let (a:)i-: be scalars and choose x € A7 with x| =1and |2} a:S, || =
27 a;Sp,(x). Then clearly

Z aiSBi = Z al'sli.‘('x)é m,.axlailZ ISBi(x)I

max]a,-]é}

Z Sa,(x)eos)

=2max |a|

=2max|a|. |
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We claim that A¥/[(x%.i)miea] is isomorphic to co{A). Indeed, define
O :A5—co(A) by Q(f)(B) = limni)ep f(X(nn), the limit existing by Lemma 9. Q is
a well defined bounded linear mapping with kernel = [(x{..):(n,i) E A] by (5)
and Lemma 11.

(8) Since (x(.) is boundedly complete, Ar = B* where B = [(x{.i))mirerl-
Thus by (7), B**/B ~ ¢o(A) (“~ 7 denotes isomorphism) and so B*~ [,(A)
(B* taken in B***). Hence

AR = BT B OB~ LA

Alternatively, it is not hard to check directly that if for B €A, F; is the
weak*-limit in A%* of the sequence (X(ni))nies, then (Fp)ses is 2-equivalent to
the unit vector basis of [,(A) and A+ B[(Fp)sea) = AFF.

ProBLEM. Give an example of a nonseparable reflexive space not containing
a subsysmmetric basic sequence.
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